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Intro: Preconditioning

x+ = x − γD̂−1∇f (x)



Intro: Examples

• Hutchinson’s: D = E
[
z ⊙∇2f (x)z

]
, z ∼ Radamacher

• Fisher Information Matrix: D = E
[
∇ log p(b | a)(∇ log p(b | a)⊤)

]
• Adam’s preconditioner: D2 = diag (∇f (x)⊙∇f (x))

• Hessian: γ = 1, D = ∇2f (x) → Newton’s method



We study Rank-1 preconditioners

• Uniform Direction preconditioner:

D = n∇2f (x)uu⊤,

u sampled form a unit sphere Sn−1 ⊂ Rn

• Fisher Information Matrix:

D = E [−∇ log p(b | a)] = E
[
∇ log p(b | a)∇ log p(b | a)⊤

]
,

a – inputs, b – labels.
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Pros ?
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Cons ?

• non-symmetric
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We can do symmetrization

S =
n

2

(
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We can add a regularizer to D

D = S + δI .

But here we lose the unbiasedness
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Uniform Direction preconditioner

x+ = x − (D + αI )−1∇f (x),

D = S + δI .

σ := sup
x∈Rn

E
[
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σ ≤
√
E
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δ = 0 ⇒ σ ≤ λmax

√
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Convergence. Gradient Method with Uniform Direction

We consider

min
x∈Rn

f (x) (1)

And we use the following assumptions

Assumptions

We assume that the Hessian is Lipschitz continuous, with parameter
M > 0:

∥∇2f (x)−∇2f (y)∥ ≤ M∥x − y∥ ∀x , y ∈ Rn.

Note, that f (x) can be non-convex.

xk+1 = xk − (Dk + αk I )
−1∇f (xk) (2)
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Convergence. Gradient Method with Uniform Direction

Lemma: Convergence of Gradient Method with Uniform Direction
preconditioner

Let f has a M-Lipschitz Hessian and bounded parameter σ. Consider
Algorithm 2 with

αk =

√
M∥∇f (xk)∥

2
+ σ,

σ =
√
λ2
maxn (n − 1) + nδ2

for k ≥ 1. Then, for any ε > 0, it is enough to do

K =

⌈
8 (f (x0)− f ∗) ·

(√
M

2

1

ε3/2
+

σ

ε2

)
+ 2 log

∥∇f (x0)∥
2

⌉
, (3)

steps to ensure min1≤k≤K ∥∇f (xk)∥ ≤ ε.



Experiments for Gradient Method with Uniform Direction

Figure: 1D function, ∇2f (x) ≻ 0
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Fisher preconditioner

xk+1 = xk − (Dk + αk I )
−1∇f (xk), (4)

Dk = E
[
∇ log pxk (b | a)(∇ log pxk (b | a)⊤)

]
.

Informal: Let φ be L-smooth ”inner function”, which represents the
model’s outputs (logits) just before the loss f .

Lemma: credits to Frederik

∥∇2f (x)− F (x)∥22 ≤ L
S∑

s=1

∥∇φ log px (bs | φ(as , x)) ∥1.

Here S is the size of the entire dataset.
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Convergence. Gradient Method with Fisher Information
Matrix

Assumptions

We assume that the Hessian is Lipschitz continuous, with parameter
M > 0:

∥∇2f (x)−∇2f (y)∥ ≤ M∥x − y∥ ∀x , y ∈ Rn.

In addition we assume the convexity of loss f :

f (y) ≥ f (x) + ⟨∇f (x), y − x⟩, ∀x , y ∈ Rn.



Convergence. Gradient Method with Fisher Information
Matrix

σ := sup
x∈Rn

∥∇2f (x)− D(x)∥

We consider two special cases, for now
• nonlinear least squares:

f (x) =
1

2

S∑
s=1

(φ(as , x)− bs)
2 ,

• softmax:

f (x) =
S∑

s=1

expφbs (as)∑S
l=1 expφl(as)
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Convergence. Gradient Method with Fisher Information
Matrix. Least Squares

Let us start with least squares.
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Convergence. Gradient Method with Fisher Information
Matrix. Least Squares

Lemma: Convergence of Gradient Method with Fisher Information
Matrix. Least Squares

Consider Algorithm 4 with

αk =

√
M∥∇f (xk)∥

2
+ σ(xk), σ(xk) ≤ L

√
2S
(√

f (xk)− f ∗ +
√
f ∗
)
,

for k ≥ 1. Then, for any ε > 0, it is enough to do

K =

⌈
8 (f (x0)− f ∗) ·

((√
M

2
+ L

√
2SR

)
ε−3/2 + L

√
2Sf ∗ε−2

)

+ 2 log
∥∇f (x0)∥

ε

⌉
,

steps to ensure min1≤k≤K ∥∇f (xk)∥ ≤ ε.



Convergence. Gradient Method with Fisher Information
Matrix. Least Squares

Now, we consider the softmax case.

σ ≤

∥∥∥∥∥∇φ log
eφbs∑
j e

φj

∥∥∥∥∥
1

=

∥∥∥∥∥∥∇φ

φbs − log

∑
j

eφj

∥∥∥∥∥∥
1

= 2

(
1− eφbs∑

j e
φj

)
≤ −2 log

eφbn∑
j e

φj
,

σ ≤ 2f (x)
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Convergence. Gradient Method with Fisher Information
Matrix. Softmax

Lemma: Convergence of Gradient Method with Fisher Information
Matrix. Softmax

Consider Algorithm 4 with

αk =

√
M∥∇f (xk)∥

2
+ σ(xk), σ(xk) ≤ 2 (f (xk)− f (xk+1)) + 2f (xk+1),

for k ≥ 1. Then, for any ε > 0, it is enough to do

K =

⌈
8 (f (x0)− f ∗) ·

(
2Rε−1 +

√
M

2
ε−3/2 + 2f ∗ε−2

)

+ 2 log
∥∇f (x0)∥

ε

⌉
,

steps to ensure min1≤k≤K ∥∇f (xk)∥ ≤ ε.



The End

Thanks!


